Winter, 2008

Monday, Jan. 28

Stat 321 – Day 10
Discrete Random Variables (3.1, 3.2)

Example 1: Recall the “random babies” experiment with the following sample space. Each of the 24 outcomes had a corresponding value for the “number of matches.” 

	1234:
	4
	1243:
	2
	1324:
	2
	1342:
	1
	1423:
	1
	1432:
	2

	2134:
	2
	2143:
	0
	2314:
	1
	2341:
	0
	2413:
	0
	2431:
	1

	3124:
	1
	3142:
	0
	3214:
	2
	3241:
	1
	3412:
	0
	3421:
	0

	4123:
	0
	4132:
	1
	4213:
	1
	4231:
	2
	4312:
	0
	4321:
	0


Def: A random variable assigns a numerical value to every outcome in the sample space.  Shorthand notation: r.v. or rv = random variable

Let X=number of matches; then X is a random variable.  Furthermore, X is a discrete random variable because we can individually list out all of the outcomes (page 100).

You also found the probability distribution of X in this case:

P(X=0) = p(0) = 9/24

P(X=1) = p(1) = 8/24

P(X=2) = p(2) = 6/24

P(X=4) = p(4) = 1/24
Notation: In P(X=x), the capital X refers to the random variable, the lower case x refers to a particular observed value of the random variable.  P(X=x) can be abbreviated p(x).

which you can represent with a line graph:
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When X is discrete this is also called a probability mass function or pmf in that a mass or probability is assigned to every individual value of X.

and you found the expected value of X:

E(X) = 
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 = 0(9/24) + 1(8/24) + 2(6/24) + 4(1/24) = 1

which we interpreted long-run average value of the random variable if the random process were repeated over and over (not necessarily the most probable and may not even be an actual possible value).

It is often useful to talk in terms of P(X< x). This comes up often enough that this function has its own name: cumulative distribution function or cdf.  For a discrete random variable, we find P(X<x) by summing the probabilities for all values less than or equal to x.  For example, P(X<1), also written as F(1), equals P(X=0)+P(X=1) = .375 + .333(a) Calculate F(2).  
(b) Calculate F(-1).  (What is the probability that our random variable X will result in a value of –1 or less?)  
(c) Also calculate F(5).  (What is the probability our random variable will take a value of 5 or below?)

(d) Complete the following table:

	F(x) if x<0
	F(0)
	F(.5)
	F(1)
	F(2)
	F(3)
	F(4)
	F(x) if x>4

	
	
	
	
	
	
	
	


(e) We can also graph this function.  Put F(x) on the vertical axis and –1 to 5 on the horizontal axis.  What value does F(x) take when x is 0 or less?  What happens when x=0?  What is the probability for values of x between 0 and 1? What happens at x=1? Complete the graph, forming a step function (page 106). Draw arrows to indicate what happens beyond –1 and 5.

Example 2 (Problem 23): Suppose that an insurance company offers its policy holders a number of different premium payment options.  For a randomly selected policyholder, let X=number of months between successive payments.
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(a) From this cdf, determine the probability mass function (pmf) of X.

Exercises to Consider:

#4 (p. 101), #18 (p. 110)
Example 3: A consumer organization that evaluates new automobiles customarily reports the number of major defects in each car examined.  Let X denote the number of major defects in a randomly selected car of a certain type.  The cdf of X is:
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Calculate the following probabilities from the cdf:
(a) p(2)

(b) p(2.5)
(c) F(2.5)

(d) F(3)

(e) P(X > 3)

(f) P(2 
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(g) P(2 < X < 5)

Example 4: Recall the pmf for our insurance company and their competitor
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(a) How do these probability distributions compare?
Def: The variance of a random variable is denoted and defined by 2 V(X)=
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.  It measures the spread/distances about x = E(X) that we “expect” to see in the outcomes.  

The standard deviation SD(X) is the square root of V(X). So again we are considering a “typical” distance of an outcome from the expected value, but using the probability to tell us how often different values occur and instead of weighting by the observed frequency of occurrences.

(b) Which insurance company X or Y has the larger variance?
Example 5: Let the random variable X be the average maximum temperature (in degrees) Fahrenheit on a randomly selected day in San Luis Obispo, and suppose that E(X)=72 and SD(X)=6.  Let Y be this temperature measured in degrees Celsius, then Y = 5/9X – 160/9.

(a) Predict the values of E(Y) and SD(Y).

(b) The file “SLOtemps.mtw” contains the average maximum daily temperatures (degrees Fahrenheit) in San Luis Obispo from 1971-2000 (http://www.wrcc.dri.edu/cgi-bin/cliMAIN.pl?caslop).  Report the mean and the standard deviation of these values. 

(c) Convert the these temperatures to the Celsius scale:  MTB> let c2=5/9*c1 - 160/9 

Report the mean and standard deviation of these values.  Based on these results, do you think your predictions in (a) are correct?

Rules of Expected Value  In general, E[h(X)] = h(x)p(x).  However, if the function is linear,  E(aX+b) = aE(X)+b for constants a and b.  
Rules for Variance A similar property for variances, with one important difference, is that V(aX+b) = a2V(X) for constants a and b.

These relationships also hold for discrete and continuous random variables and for distributions of data, see # 42 (p. 36) and # 69 (p. 48).

(d) Determine E(Y) and then V(Y) using this information.  How does V(Y) compare to the standard deviation you computed from the data in (c)?

(e) What does this last result suggest about SD(aX+b)?

(f) Explain why it makes sense for b to have no effect on V(aX+b).
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