Winter, 2008

Monday, Feb. 25

Stat 321 – Lecture 19

Sampling Distributions (5.3, 5.4)

Definitions:
· A statistic is any quantity whose value can be calculated from sample data.

· A simple random sample of size n gives every sample of size n the same probability of occurring.  Consequently, the Xi are independent random variables and every Xi has the same probability distribution.

· As a function of random variables, a statistic is also a random variable and has its own probability distribution called a sampling distribution.

· When n is small, we can derive the sampling distribution exactly.  In other cases, we can use simulation to investigate properties of the sampling distribution.

· A statistic is an unbiased estimator if E(statistic) = parameter.

Linear Combinations of random variables (p. 219)


E(a1X1 + a2X2+ …+ anXn)= a1E(X1)+ a2E(X2)+ …+ anE(Xn)

If X1,…Xn are independent, V(a1X1 + a2X2+ …+ anXn)= a12V(X1)+ a22V(X2)+ …+ an2V(Xn)
Last time we wanted to know the distribution of the total waiting time for n buses: Y = Xi.  

Y is a random variable, and we saw that E(Y) = E(Xi) and V(Y) = V(Xi) when the X​i are independent.  In fact if the Xi all have the same mean  and variance 2, the E(Xi) = nand V(Xi) = n2.  We also saw that as n increased, the distribution of this sum converged to a normal distribution.  
Example 1: What are the expected value and variance of the sample mean 
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 if we use a true random sample?

Demos:

Sampling Pennies: statweb.calpoly.edu/bchance/appletsWS3/SampleData/sampledata.html Sampling Change: statweb.calpoly.edu/bchance/applets/WS3/SampleData/sampledata.html 

The Central Limit Theorem (CLT) (p. 215)
Let X1, …, Xn be independent and identically distributed random variables, each with mean  and variance 2.  Then if n is sufficiently large, 
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 has (approximately) a normal distribution with E(
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) =  and V(
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) = 2/n.  
Example 2: On October 5, 2005, a tour boat named the Ethan Allen capsized on Lake George in New York with 47 passengers aboard, 20 died.  The maximum weight capacity of the boat was estimated to be 7500 pounds based on test standards applied in 1966.  Data from the Centers for Disease Control indicate that weights of American adults in 2005 had a mean of 167 pounds and a standard deviation of 35 pounds.  

Estimate the probability that the total weight in a random sample of 47 American adults would exceed 7500 pounds.  Hint: Go ahead and change this into a problem about the sample mean weight and sketch, label, and shade the relevant sampling distribution.

Example 3: Recall that when you bet on a color in roulette, the probability distribution of your net winnings from one spin is given by:

  x

   -1

  +1


p(x)

20/38

18/38

E(X) = -2/38

SD(X) ( .9986
(a) Suppose that you bet on a color for a random sample of 2 independent spins of the roulette wheel.  What is the exact distribution of Y = X1 + X2? (List the possible values and the probability of each.) Use this pmf to determine the expected value and variance of Y.
(b) Suppose we make 10 spins or 50 spins, does the Central Limit Theorem apply?  What is the probability of a positive net gain (total winnings) after 10 spins? 50 spins?  What about a number bet?
The following are simulation results for n = 10 and n = 50 where I have performed 1000 repetitions in each case.  
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Below are simulation results for 50 and 100 spins with a number bet.
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Below are simulation results for 1000 spins for a color and a number bet.
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