Winter, 2008

Tuesday, March 11

Stat 321 – Lecture 26
More Estimation (6.2)
Example 1: Again consider the pdf  
[image: image1.wmf]î

í

ì

£

£

+

=

otherwise

x

x

x

f

0

1

0

)

1

(

)

;

(

q

q

q

 where >-1

Considering this a function of , we refer to it as the likelihood function.
(a) Suppose again we observe x = .75.  Sketch a graph of this likelihood function of . 

More realistically, suppose we have n observations, not just one.  How do we find the maximum likelihood estimator based on this random sample?

(b) What is the joint probability distribution for the random sample  X1, … X​n? What probability rule are you using?  

f(x1,…, xn; ) = 

(c) We want to determine the value of  that maximizes this function.  It is again more convenient to take the natural log first.

(d) If we observe x1 = .9, x2 = .6, x3 = .7, x 4 = .75, x5 = .8, sketch this likelihood function vs. .  Where is it maximized? How does this likelihood function compare to (a), why does this make sense?
(e) How do we estimate the sampling variability in this estimator?  What if we don’t have access to the population, just the sample?

A new method, bootstrapping, has grown in popularity in recent years with the increasing power of computers as an alternative approach for when the distribution of sample means is not well modeled by a normal distribution or when using a statistic with an unknown theoretical probability model for the sampling distribution.  We will initially explore this method where we know the answer to see if whether works…

Example 2: Recall the times of patients in a heroin treatment 

facility which we treated as the population with = 402.6 days 

and standard deviation  = 267.9 days.  Suppose we plan to take a 
random sample of n=10 patients from this population.  
Let 
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 represent the sample mean.
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(a) Calculate the expected value of 
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 and the standard deviation of
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(b) According to the Central Limit Theorem for the sample mean, do you expect this sampling distribution to be well modeled by a normal distribution?  Explain.

So in order to make inferences about the population from a random sample, we need other methods for estimating the amount of sampling variability in the sample statistic and the behavior of its sampling distribution. 
Def: A bootstrap sample resamples the data from the existing sample, drawing the same number of observations, but sampling with replacement. (p. 239)
So rather than assume a particular probability model for the population, bootstrapping assumes that the population looks just like the sample, replicated infinitely many times.  By sampling with replacement from the original sample, and calculating the statistics of interest for each bootstrap sample, we gain information about the shape and spread of the sampling distribution of the statistic of interest.  We may have obtained an unlucky sample to begin with, in which case bootstrapping does not magically give us more correct information about the population, but this is a “risk” that we always take when we make inferences from the sample to the larger population.  However, using probability sampling methods to select the sample minimizes this risk.
(c) In the herointimes.mtw worksheet, column 3 contains a random sample of 10 

patients and column 4 specifies their lengths of stay. Determine the mean and standard deviation of this sample.

(d) To take a bootstrap sample from this sample, we will sample with replacement:


sample 10 (c3 c4) (c5 c6);


replace.


mean c6 
What bootstrap sample mean did we obtain?  Does this equal the mean of the original sample? Repeat, did we obtain the same bootstrap sample mean this time?

(e) Using a Minitab macro we can replicate this bootstrapping process. [Hint: Use let c7(k1)=mean(c6) to store the bootstrap sample means.]  We will execute the macro 1000 times to draw 1000 bootstrap samples.  What is the shape of the resulting distribution? What are the mean and standard deviation of the bootstrap sample means?  Does the standard deviation concur with the value specified in (a)?

Alternative Statistics: With skewed or truncated data (e.g., heroin treatment), we might choose to use a trimmed mean as the sample statistic. For example, a 25% trimmed mean computes the average of the middle 50% of the distribution.  Unfortunately, we do not have a formula for the standard deviation of the trimmed mean.  However, you should now believe that the standard deviation of the bootstrap distribution will provide a reasonable estimate to help us estimate the population trimmed mean.  

(f) We will use a macro to calculate the 25% trimmed mean for 1000 bootstrap samples.

sort c6 c8

copy c8 c9;


include;


#to obtain the 3rd through 7th values


rows 3:7.




mean c9.

Describe a histogram of the resulting bootstrap distribution.  How does the variability compare to SD(
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)? (Did you expect this?)
(g) How would we evaluate whether the confidence interval we construct based on these bootstrap estimates “works”?331, 419

Example 3
So return to our Beta(3,1) example ( = 2).  Before we compared the MOME and the MLE.
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Bootstrapping, we can estimate the variability in these estimators (as well as decide whether the sampling distribution appears approximately normal).
Sample of size 10:
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Sample of size 20:

[image: image15.png]Variable
nle
boot-none
boot-ule

u o
3000 o
3000 o
3000 o
3000 0

Hean
2.2908
23579
3.2943
3.4529

Sthev
1.1484
1.1363
1.3595
1.3514



[image: image16.png]Varisble
nle
boot-none
boot-ule

ou
3000 o
3000 o
3000 o
3000 0

Hean
2.1107
2.1468
21318
2.2999

sthev
0.7502
0.7400
0.6809
0.6137



[image: image12.png]Frequency

e e
1 1
300 H 300 .
wof A 20 N
. o Ldl
5 Ls 24 G2 48 48 56 64 | 08 15 24 52 40 48 56 64
Bootree oot
20 210
- &
100 2
© o
oLl Mpgeg o | o Ll Mg

07 14 21 28 35 42 48 12 18 24 30 36 42 48 54




�





�





�





�








4

_1146844087.unknown

_1266675660.unknown

_1174330594.unknown

_1146844078.unknown

