Winter, 2008

Friday, Jan. 25

Stat 321 – Lecture 9

Bayes’ Theorem (2.4)
Example 1: Recall Lecture 8, Example 1:
	
	White (W)
	Black (B)
	Hispanic (H)
	Others (O)
	Total

	Arnold (A)
	.364
	.0102
	.0558
	.0222
	.4522

	Others (A')
	.336
	.0498
	.1242
	.0378
	.5478

	Total
	.70
	.06
	.18
	.06
	1.00


(a) Suppose an Arnold supporter is selected at random, what is the probability that the individual is White?  How does this compare to the unconditional probability? Does this direction make sense? [Hint: Use the table, or one of counts, to calculate this probability.]

When there are several events being considered, Bayes’ Theorem (p. 73) allows you to calculate a conditional probability for one of the events.  Let k be the number of events and Ai designate the event whose updated probability is to be calculated.  Then Bayes’ Theorem asserts:


[image: image1.wmf](

)

(

)

(

)

(

)

(

)

å

=

=

Ç

=

k

j

j

j

i

i

i

i

A

P

A

B

P

A

P

A

B

P

B

P

A

B

P

B

A

P

1

|

|

)

(

)

(

|


The probabilities P(Ai) are sometimes called prior probabilities, and the conditional probabilities P(Ai|B) are called updated, or posterior probabilities.  This result follows from the definition of conditional probability, the multiplication rule, and the law of total probability with the events Ai being mutually exclusive and exhaustive.

Example 2: In 2004, approximately 2/3 of all email traffic was considered “spam” – unwanted advertisements.  “Spam filters” work by tagging messages as spam based on the presence of key phrases or symbols so that you don’t have to read the message.  Often, there is a training period for the filter in which you classify messages as spam or not.  Suppose of the messages you classified as spam during the training period, 82.1% had “$$$” in the subject line, and of the messages you classified as “not spam,” 2.4% had “$$$” in the subject line.  Calculate the probability that if you randomly receive an email with “$$$” in the subject line that it is spam.

Example 3: Bayes’ Theorem was applied by expert witnesses testifying in a rape trial in Pittsburgh in the mid 1980s.  The defendant was accused of raping seven women in the Shadyside district of the city over a period from April 18, 1985, to January 30, 1986.  By analyzing body secretion evidence taken from the scenes of the crimes, a forensic expert concluded that the assailant had the blood characteristics and genetic markers of type B, secretor, PGM 2+1-.  She further testified that only .32% of the male population of Allegheny County had these blood characteristics and that the defendant himself was a type B, secretor, PGM 2+1-.  The natural question to ask is how a juror should update the probability of the defendant’s guilt in light of this quantitative forensic evidence. 

(a) What probability (in terms of G and E) are we interested in calculating here?

(b) What is P(E|G) in this situation?  (Remember that the defendant is a type B, secretor, PGM 2+1-.)

(c) What is P(E|G') in this situation?  (Assume that if the defendant did not commit the crimes, then some other “random” male in Allegheny County did.) 

(d) Use your answers to the three preceding questions to express the updated probability of guilt P(G|E) as a function of the prior probability of guilt P(G). (Give the formula.)
(e) From the Stat 321 Data Files page (http://statweb.calpoly.edu/bchance/stat321W08/data/) open shadyside.xls.  The spreadsheet has been set up so you can enter a value for the prior probability into A2 and Excel computes the posterior probability for you in B2. Click on the B2 cell and examine the formula entered there in order to verify your answer to (4).  Fill this cell down to row 7.  Examine the resulting posterior probabilities for several different prior probabilities.  Also create a graph of the posterior probabilities (y-axis) vs. the prior probabilities.  Describe the behavior of this graph. Does it make sense?  
Comment on how incriminating the forensic evidence is, in light of these probabilities.

The last entry in the column A deserves special mention.  The defense in this case argued that the prior probability of guilt should be 1 in 360,000, the estimated number of males in the appropriate age group in Allegheny County. The updated probability of guilt then becomes just 1 in 1150, the number of males with the same blood characteristics in the appropriate age group in Allegheny County. 

(f) Based on the forensic evidence, would you consider this defendant guilty?  Explain.

Highlights from Chapter 2

· Interpretation of probability: long-term relative frequency

· Sample space: set of all possible outcomes

· Calculating Probabilities

· Probability of event = sum of probabilities of outcomes in the event

· If outcomes are equally likely, probability of event is equal to the number of outcomes in the event ( number of outcomes in the sample space

Use product rule, permutations and combinations to count the number of outcomes

· Probability of union = general additional rule P(A ( B)=P(A)+P(B)-P(A ( B)

· DeMorgan’s Laws are very useful for helping us relate different probabilities, P(at least one) = 1 – P(none)

· Conditional probability, P(A|B)=P(A ( B)/P(B)   Note: “Complement” of A|B is A'|B

· Multiplication Rule: Probability of intersection, P(A ( B)=P(A|B)P(B) = P(B|A)P(A)

· Law of Total Probability: P(A) = P(A|B)P(B) + P(A|B')P(B')

· Bayes’ Theorem: P(A|B) = P(B|A)P(A)/P(B) = P(B|A)P(A)/[P(B|A)P(A)+P(B|A')P(A')]

· Mutually Exhaustive vs. Independence: These are properties of pairs of events. Two events are mutually exclusive if they can’t both be true simultaneously, i.e., their intersection is empty. For example, the Giants and the Mets can’t both win the same game. Two events are independent if they can both occur, but knowing one has occurred does not affect the probability of the other one occurring. For example, knowing I rolled a 2 on one die does not change the probability that I will roll a 3 on the next die roll.

· Permutations vs. Combinations: Finding the probability that the top score goes to a man, the second best to a woman, and the third best to a man involves permutation, because order matters.  Finding the probability that there are two men and one woman in the top three scores involves combinations because order does not matter.  Remember the associated word “choose.”
· Law of Total Probability vs. Bayes’ Theorem: Use LTP when you know (or can find) conditional probabilities but what is wanted is an unconditional probability.  In other words, if you know or can find P(A|B1), P(A|B2), … and what’s wanted is P(A) [e.g., P(vote for Arnie) knowing the probability of each subgroup voting for Arnie.] Bayes’ Theorem is used when you know (or can find) conditional probabilities in one direction but what’s wanted is the “reverse” conditional probability.  In other words, if you know or can find P(A|B) and what’s asked for is P(B|A) [P(White | Arnie)].

See review sheet online this weekend.  Bring questions to class on Monday.
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