Winter, 2007

Tuesday, Feb. 13

Stat 322 – Day 19
Relationships Between Quantitative Variables (Ch. 12)

Example 1: Suppose you have found a footprint and a (gloved) handprint at the scene of a crime committed by a Cal Poly student.  Can you use this information to accurately predict the criminal’s height?  Would your prediction differ for a male or a female?

Predictions:

Which variable do you think will be a more useful predictor of height – hand span or foot length?

How do you think the relationship between height and hand span will differ for men and women?

Measurements made by Stat 217 students can be found in HeightFootHand.mtw from the Stat 321 Data files page.  

Numerical and Graphical Summaries:

To examine the relationship between two quantitative variables, the appropriate graphical summary is a scatterplot.  If one variable is considered the explanatory variable, put it on the horizontal axis, the response variable on the vertical axis.

(a) Use Minitab to produce a scatterplot of height (in inches, column 2) vs. foot length (in centimeters, column 3): Select Graph > Scatterplot (simple), click OK, specify c2 as the Y variable and C3 as the X variable, click OK.  
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(b) Repeat (a) to produce a scatterplot of height vs. hand span (in centimeters, column 4).

In describing a scatterplot, instead of focusing on shape, center, and spread, you will address 

· Direction: Do above average values on variable 1 tend to correspond to above average values on variable 2 (positive association) or do above average values on variable 1 tend to go with below average values on variable 2 (negative association)?

· Strength: For the relationship exhibited, how closely do the points follow the pattern? Is the pattern very clear (strong relationship) or is there a lot of scatter about the pattern (weak)?

· Form: Is the relationship linear? Or does it follow some other pattern, e.g., curved?

Note: It is possible to have a strong, nonlinear relationship as well as a weak, linear relationship.

The appropriate numerical summary of the linear relationship between two quantitative variables is the correlation coefficient, r (Sec 12.5)
(c) Use Minitab to calculate the correlation coefficient between height and foot length: Stat > Basic Statistics > Correlation, selecting C2 and C3 into the Variables box, click OK.  

(d) Repeat (c) to calculate the correlation coefficient between height and hand span.

In interpreting the correlation coefficient, comment on direction (positive values of r indicate a positive relationship, negative values of r a negative relationship) and strength (values of r close to -1 or 1 indicate a strong linear relationship, and values close to zero indicate a very weak linear relationship/no relationship).
(e) Describe the strength, direction, and form of each relationship, using the graphs and correlation coefficients for support.  Remember to state your comments in the context of the study.  Which variable (hand span or foot length) appears to be more strongly linearly related to height?  Justify your choice.
Modelling the relationship: 

When you have a linear relationship, you can fit a line (
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= b0 + b1x) to summarize the overall pattern (b0 = intercept, b1 = slope). This line is especially useful for making predictions.  The most common method for fitting a line to the data is “least-squares” regression.

(f) Use Minitab to determine the least-squares regression line to predict height from foot length: Stat > Regression > Fitted Line Plot, click OK, specify height as the Y variable, and foot length as the Predictor. 
(g) Use the regression line (and your calculator) to predict the height of a 25cm foot print.

(h) Repeat for a 26cm foot print.  What do you notice about the difference between these two values?

Def: A residual is the vertical distance between the observed value and what we would predict using this line.

(i) An individual in this class reported a 25cm foot and height 70 inches.  What is the residual of your prediction for this individual?

(j) Where are the points with positive residual values located?  Negative residual values?

The goal of “least squares regression” is to minimize the sum of the square residuals .  That is, to find the values of b0 and b1 to minimize the prediction errors.  
SSE = 
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See p. 507 for the derivation, using calculus, of the normal equations and the least squares estimators for the slope and intercept.

One can show that these least squares coefficients can be rewritten in terms of summary statistics: 








Open the “Least Squares Regression” applet from the Stat 321 Java applets page to see the scatterplot of 20 students’ height and foot measurements. Click the “Your line” box to add a blue line to the scatterplot. The equation for this initial line, 
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height

 = 67.75+ 0 foot size, predicts the same height for all 20 students.  

To change this line, click the “Move line” button.  If you now place your mouse over one of the ends and drag, you can change the slope of the line.  You can also use the mouse to move the green dot up and down vertically to change the intercept of the line.
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(m) Click the “Show residuals” box to visually represent the residuals for your line on the scatterplot.  The applet reports the sum of the squared residuals (or sum of squared errors, SSE).  Click the “Show squared residuals” box to visually represent them.  Now click on Move line and adjust the slope (using the mouse at the ends of the line) and the intercept (moving the green dot in the middle) until you think you have minimized the SSE. What is the best SSE in the class?

(n) Now check the “Regression line” box to determine and display the equation for the line that actually does minimize the sum of the squared residuals.  Record its equation and SSE value.  Did everyone obtain the same equation?  How does it compare to your line?

(o) Remove the squares and the moveable line. Place your mouse over the observation at (22, 63) and then drag it downward (make the person absurdly short).  Is the least-squares regression line resistant to the influence of this outlier?
Def: An observation is influential if removing the observation from the data set greatly changes the regression equation.
(p) With that point still highlighted, press the Delete point button.  Does the equation change substantially?

(q) Repeat your analysis in (o) and (p) but using the observation at (29.5, 70).  Is the least-squares regression line resistant to the influence of this observation?

Note: Observations with extreme x values tend to be more influential than observations close to 
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(q) Reload the applet and click the “your line” button.  The line that appears predicts the height for each student to be the sample mean height
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.  Record the SSE value for this line.  This represents the unexplained variation if you don’t know x and just predict y with 
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.
(r) Calculate the percentage change in SSE achieved by using the regression line rather than the sample mean to predict height.  In other words, calculate:

100% ( [SSE(
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) – SSE(least-squares)]/SSE(
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).

(s) Recall that the correlation coefficient between height and foot length was r=.711.  Then square this value.  Does the result look familiar?

Def: The quantity in (r) is coefficient of determination and indicates the percentage of variability in the response variable that is explained by the least-squares line with the explanatory variable.  It turns out to be equal to the square of the correlation coefficient, so it is called r2 or R2.  Note, this quantity has been appearing our ANOVA output as well and has the same interpretation     (1-SSE/SST). 
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