Spring, 2009

Thursday, April 30

Stat 324 – Day 17
Multicollinearity (5.4) and Added Variable Plots (6.2.2)
Recap: 

· Use Residual Plots as before to check model assumptions
· Confidence/Prediction intervals: Use Minitab, entering the values in the same order as the variables (and considering any transformations).  Think about factors that affect sefit and “sepred” and watch for hidden extrapolation in the x-space (Minitab helps).
· Confidence interval for ’s: Use df = n-p-1 and consider Bonferroni adjustment for simultaneous confidence intervals
In this handout we will explore some issues to consider when adding variables to a model.

Example 1:  The Civil Rights Act of 1964 requires “availability of equal educational opportunities for individuals by reason of race, color, religion or national origin in public educational institutions.”  Studies in the late 1960s collected data form a cross-section of school districts throughout the country and include regression analysis to establish which factors were most important in determining achievement.  The data in achieve.mtw represent indices of student achievement (e.g., standardized test scores), school facilities (e.g., teaching materials, special programs, faculty credentials), home environments, and peer influence for a random sample of 70 schools.

(a) Choose Graph > Matrix Plot, and select the Each Y versus each X, Simple option in the second row.  Specify achv as the Y variable and the other 3 variables in the X variable box.  Which variable(s) seem to be useful in predicting achievement?  Are the relationships behaving as expected?

(b) Fit the linear regression model for predicting achv from fam, peer, and school (with residual plots).  What conclusion would you draw from the overall F/model utility test?

(c) What conclusions would you draw from the individual t-tests, especially the coefficient of school?  Does anything bother you about the regression model?  Why do you think this is happening?

(d) Do the residual plots indicate any obvious issues?  

When explanatory variables are highly correlated (called multicollinearity or collinear), this can lead to problems with the model.  Some negative consequences of multicollinearity include:

· Coefficients can lose statistical significance and even change sign

· Becomes even more difficult to interpret the slopes, can’t really think about “holding all other variables” constant.

· Adding a variable actually increases the SE of other coefficients (loss of precision)

· Use of redundant independent variables could waste time and money on unnecessary data collection.

Some signs of multicollinearity include:

· Coefficients do not have the expected sign 

· Overall F test is significant but none of the individual t tests are

The relationship between the predictor variables can be judged by examining the variance inflation factor (VIF).
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where Rx2 is the proportion of the variation in x that is explained by the its linear relationship to other explanatory variables in the model.  VIF measures the increase in variability of the kth regression coefficient due to the linear association of xk with other predictor variables.

(f) Regress school on fam and peer.  What is the R2 value?  What is the corresponding VIF value?

(g) Choose Stat > Regression > Regression and under the Options button, check the Display Variance inflation factors box.  Which variables have high VIF terms?
Detecting Multicollinearity
· The VIF will equal 1 if the variable is not linearly related to the other variables.

· It is suggested that a VIF in excess of 10 is as solid evidence that multicollinearity may be causing problems in estimation.  Another sign is if the average of the VIF values is considerably larger than 1.  

Dealing with Multicollinearity

· Reduce the number of variables in the model…
· Design a good experiment (with orthogonal variables)!  

· Collect more data to ensure coverage of entire range of variables

· If goal is estimation and prediction, not horrible to keep them all in, just be careful in interpreting the estimated coefficients and don’t extrapolate

· With polynomial regression, can standardize the variables first to help reduce collinearity

· Can use ridge regression to produce more stable estimates of the coefficients

Another tool for helping us explore and build models is added-variable plots, also called partial regression plots.  In particular, they help us assess adding a new variable to an already existing model by investigating whether it has anything new to tell us (a unique contribution).
(h) Run Stat > Regression > Regression using achievement (y) and fam (x), press the Storage button and select Residuals.  Now regress school (y) on fam (x) again, storing the residuals.  If the first set of residuals tells you about what is left unexplained in achievement by family, what do the second set of residuals represent?

The added variable plot is a scatterplot of the first set of residuals (y vs. x1) vs. the second set of residuals (x2 vs. x1).  This graph reveals the relationship between y and x2 after adjusting for x1. 
(i) Create the added variable plot and right click on the graph to add the regression line to the graph.  Record this equation and also think about why the intercept has the value it does.

Hint: What is true about every least squares regression line? What is true about the sum of the residuals?
If a strong linear relationship is present, that indicates the new variable will contribute significantly to the model.  In fact, the slope of this line equals the regression coefficient of x2 in the multiple regression model! (The test statistic and p-value will be fairly similar as well.)  If the added variable plot shows a curved relationship, then this suggests including x2 but considering transformations first.  If there is no relationship in the added variable plot, this suggests there is no additional useful information in this variable on top of the variables already in the model.
(j) What is revealed by this added variable plot?  Determine the test statistic and p-value for this slope coefficient. How do these values compare to their corresponding values in the multiple regression model predicting achievement from fam and school?

(k) Now consider adding the mystery variable to a model predicting achv from fam.  Create and interpret the added variable plot. Hint: You should only have to create one new column of residuals, changing the response variable.  

If x1 and x2 are two potential predictor variables and the regression of y on x1 has been fit, if the added-variable plot for x2 shows a stronger relationship than between y1 and x2, then the two variables act jointly to explain extra variation, while if the relationship is weaker, or the y2 vs. x1 plot shows more variation, then the total explanation variability is less than the additive amount.
“The source of the carbon in the CO gas is relevant here. Also, there is controversy over the methods used to obtain these data by the Federal Trade Commission (FTC). Some studies (Davis et al. 1990, Coultas et al. 1993) have indicated that the tar, nicotine, and carbon monoxide content measured via smoking machines (as used to gather this dataset) may have little to do with actual human exposure to these chemicals. In other words, the relationship between the FTC cigarette data and biological markers of nicotine and tar uptake in humans is weak. These studies recommend that smokers be warned that the content of tar and nicotine given in cigarette advertisements may not reflect the relative strengths of cigarette brands. One factor in this human dilemma is that people smoking `lighter' brands, i.e., brands lower in labeled tar and nicotine, may smoke more cigarettes or inhale for longer periods than if they smoked cigarettes with higher contents of tar and nicotine.”
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