Spring, 2009

Monday, May 18


Stat 324 – Day 26
Variable Selection Techniques (Ch. 7)

Recap:

· “Ordinal” variables can often be treated as either quantitative (if linear, if meaningful to say “as x increases by 1”) or categorical (if can afford the decrease in dfres)
· Interaction terms can arise from both categorical and quantitative variables
· Often easiest to explain by illustrating the change in the coefficient of one variable at different values of the other variable
· If all explanatory variables are categorical, the regression model is equivalent to an ANOVA
· Interactions apply to the dependence of the effect of one variable on another
Suppose we have the following model  E(Y) = 0 + 1age + 2gender + 3age*gender
	H0: ​3​  = 0
	Effect of age is independent of gender;  Effect of sex is independent of gender; Gender effects are parallel

	Ha: 3 [image: image2.png]


 0
	Age interacts with gender
Age modifies effect of gender; Gender modifies effect of age

	H0: 1 = 3 = 0
	Age is not associated with Y
Vs. age is associated with Y for either females and/or males

	H0: 2 = 3 = 0
	Gender is not associated with Y


Example 1:  Let’s consider an analysis of the SAT data “from the top” (stateSAT.mtw).
(a) The first research question posed is: How much of the between-state variability in test scores can be explained by the relative quality of the students within the state who decide to take the test?  If we use percentage of students taking the test and median percentile ranking of the test takers within their secondary school classes as measures of the student quality, how would you answer this question?  Are there any unusual observations in this analysis?  

(b) Does it appear that both variables are necessary in the model? In fact, why this might not be advised?

(c) The next research question posed is: After accounting for the percentage of students who took the test and the median class rank of the test-takers (selection bias), which variables are associated with state SAT scores?  To answer this question, you could consider looking at the scatterplots/correlations between SAT and each variable.  What do you learn?  Which variable appears most strongly related? Do you see any issues with transformations, unusual observations?

(d) Since we want to adjust for selection bias first, a better initial step is added variables plots.  The added variable plot on the left considers added expenditure to the model, the added variable plot on the right considers adding public. Note: Alaska has been removed.  What variables are on the vertical and horizontal axes in each graph?
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Which variable would you recommend adding to the model (if either)? Any transformations or unusual observations to consider first?
Even with computers, if we have a large number of variables, especially once we start considering quadratic terms and interaction terms, there can be an intractable number of models to investigate.  Variable selection techniques offer a way to explore some (but not all) of the possible models. But avoid the temptation to rely on the results of a particular procedure…
Variable Selection (Screening) Techniques

· Sequentially: Start with a model and choose an individual variable to add to the model or to delete from the model until arrive at the “best” model.

· Forward Selection  

One by one add variables to the model until no further addition significantly improves the fit.  Choose the variable “to enter” by seeing which is most significant after accounting for the other variables currently in the model (partial F test).  Common cut-offs, F>4, p-value<.05.

· Backward Elimination 

Start with all possible explanatory variables, one by one remove the variable making the smallest contribution (partial F test).  Common cut-offs, F<4, p-value>.05

· Stepwise Regression

Do one step forward selection then one step backward elimination and repeat.  (Are the earlier variables still all needed?).

· All possible models (are 2number of  variables equations!)

Example 2: Continuing with the SAT data, initial explorations (e.g., matrix scatterplot, case influence diagnostics) led us to transform the takers variable and to delete Alaska.

(a) Choose Stat > Regression > Stepwise.  Specify SAT as the response and enter all 6 predictor variables (remember to use log(takers)).   Click Methods and select Stepwise.  [Note:  Could consider forcing log(takers) and rank in every model.]
Click OK twice. Minitab selects the variable with the strongest individual association with SAT.  Which variable does it choose?  Is this what you expected?

(b) Type yes and Minitab will now select the variable that has the strongest association with SAT after taking log(takers) into account.  Which variable did it choose?  Is this what you expected?

(c) Continue to type ‘yes’ until Minitab is done selecting variables to enter into the model and also considering deleting variables based on new ones entering and then type ‘no’.  Which variables does it settle on in the final model?

Note, something very unusual happened here – years came in even though it wasn’t very significant, but then when rank was included, both rank and years were more significant.   This is also a consequence of the multicollinearity between log(takers) and rank.

One thing to keep in mind is these procedures allow us to select a model without examining all possible models.  Nowadays, that’s not such a daunting task but these methods still minimize the number of models we have to sort through.  Still, this is considered “data snooping” and you have to worry about the sequential testing issues. These techniques are really only recommend when have more than 30 variables (and can’t do all possible models) to help pare down the model first.
Exploring All Possible Models  For each k, determine the best 2-3 models with k predictors. 
Criteria for selecting the “best” subset
· If two models have the same number of predictors, use R2
· To take into account the number of predictors, use R2adi or equivalently, choose the model with the smallest s2=MSE (though generally favors models with too many variables).

· Mallow’s Cp
Suppose s2 is our estimate of 2 from the (adequate) model with all regression variables. Then E(s2)=2. If a model with p variables (p+1 coefficients) is adequate, then E(MSEp)=2 as well.  But if there are too few variables in the model, then MSEp is biased to larger values. So we want to know if MSEp is much larger than s2=MSEfull.


Cp = p – 1 + (n-p-1)[MSEp – MSEfull]/MSEfull = SSEp/MSEfull + 2p – n 
where MSEfull comes from including all predictor variables and p is the number of variables in the subset model.

If Cp is near p+1, this indicates that the fitted model has low bias.  Want Cp small (low MSE) and near p+1 (low bias).  Balances lack of fit and penalty for number of terms.

· Akaike’s Information Criterion (AIC), Schwarz’s Bayesian Information Criterion (BIC)

AIC = n ln(SSEp/n) + 2(p+1)

BIC = n ln(SSEp/n) + (p+1)ln(n)  
Philosophy: AIC believes all variables important and large samples will pick out most important.  BIC believes correct model only has some of the variables.

(d) Minitab uses a Best Subsets Algorithm to identify the best k models for each value of p. The default is 2. Choose Stat > Regression > Best Subsets and enter SAT as the response and the 6 candidate predictor variables.  Click OK.  Note, Minitab orders the models by R2 but you should also look at R2adj and Cp.  The first column is Vars = p.  Which model has the smallest Cp and Cp closest to p+1?  How does this model compare to the ones found above?

[Note: In this study, could consider forcing rank and log(takers) to be in every model considered to reflect the original research desire to examine the relationships after adjusting for these.]
Once get a smaller set of models, examine these more carefully.  After you identify the important variables, examine residuals, leverage points, influence, multicollinearity and consider transformations, higher-order terms, interactions.  Be sure to incorporate investigator’s subject matter knowledge as well.   
(e) Now that we have settled on a model for predicting SAT from the given variables, we can answer the researcher’s last question: Which states perform best for the amount of money they spent?  Store the residuals from this final model (say in C10) and rank the states accordingly (into 2 empty columns, say C11 and C12). Use Data > Sort, with the residuals as by column or:


MTB> sort c1 c10 c11 c12;


SUBC> by C10.

Comment on how these rankings compare to the raw data.

Notes: 
· You aren’t finding The Best model!  You are smarter than the computer!

Use literature to eliminate unimportant variables. Eliminate variables whose distributions are too narrow. Major results should not be determined by 1 or 2 observations

· Often more useful to get several “good models” than one best model.  Can use sequential method to determine how many variables needed and then examine all possible subsets with that many variables and other “nearby” models.

· Don’t attach too much importance to the significance of variables entered or to the order in which the variables enter the model.

· The best subsets procedures may be more appropriate with collinear data.

· Using different criteria may result in slightly different model choices.

· Treat indicator variables as a set and if include higher order terms (quadratic, interactions) generally keep lower order terms as well.

· For more discussion of the problems with automatic selection procedures see http://www.stata.com/support/faqs/stat/stepwise.html

One Possible Flowchart
0. Identify a set of variables.  Look at the variables individually. Be aware of strong skewness or large ranges (suggesting could be a good variable to transform).  Look for outliers (e.g., errors in the data entry!).

1. Fit the full model

Construct matrix scatterplot and correlation matrix.  Be on the look out for obvious collinearity problems and delete redundant variables.  Can also check variance inflation factors and case influence diagnostics.

2. Perform residual analysis

3. Consider transformations (response and/or explanatory) and unusual observations

If so, address and start over

4. Perform all possible regressions “if possible” (Minitab allows 31 variables)

Use variable selection techniques and subject matter insight to help identify the most relevant variables.

5. Select 3-5 models for further exploration, thorough residual and diagnostic analysis
Consider subject-matter expertise

Don’t be seduced by one final model produced by stepwise techniques
Consider the form of the variables in the model.  Check linearity (may need transformations), homoskedasticity (may need transformations, weighted least squares), outliers, high leverage points, influential points (may need robust regression), variance inflation factors.  Can model be simplified further?  Should new variables be added into the model (e.g., added variable plots, interactions)?  May need to repeat step 1.

6. Make recommendations

Validate the model if possible!
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