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Abstract

The Intersection-Union Test (IUT ) has become increasingly popu-
lar, especially through its application in bioequivalence testing. Here
we will provide a basic introduction and discuss some properties of
the IUT . Since this method is based upon a combination of tests,
there may be a concern for the need of a multiplicity adjustment to
adequately control the overall type-I error rate. We will address this
issue by considering two theorems. The first describes how the IUT
can be level-α and the second shows under what conditions the test
is size-α. Both results do not require any multiplicity adjustment. A
simple example from acceptance sampling will be used to apply these
theorems, and we will examine Monte Carlo simulations to verify the
expected results.

1 Introduction

1.1 Multiple Comparisons

Consider an experiment consisting of 5 treatments. We would then have
a total of 10 possible pairwise comparisons or contrasts. Let t1, t2, . . . , t10

represent 5% level t-tests corresponding to the respective contrasts. Suppose
we combine all tests into φt, where φt rejects if any of the ti rejects. Then,
the familywise error rate α∗ 6= 0.05 despite the fact that each of the individual
ti is a 0.05 level test. In fact, the correct value for α∗ would be about 40%.
Looking at Table 1 it is evident that the overall type I error rate quickly grows
beyond 0.05 as the number of comparisons increases. In order to adequately
control the overall type I error rate we would need to utilize a multiplicity
adjustment procedure. Examples of such procedures are described by Steel



Table 1: Familywise error rates corresponding to levels of n, the total number
of comparisons.

n
3 5 10 20 45

α∗ 14% 23% 40% 64% 90%

et al. (1997) in their chapter of multiple comparisons. The key issue to keep
in mind here is the fact that φt rejects if at least one of the individual tests ti
rejects. In a moment, we will see how this compares to the intersection-union
test and its basis for rejection.

1.2 Model Definition

Given X ∼ f(x|θ), suppose H0 is expressed as a union of k sets (note: the
index set need not be finite):

H0 : θ ∈ Θ0 =
k⋃
i=1

Θi vs. HA : θ ∈ Θc
0 =

k⋂
i=1

Θc
i (1)

For each i, let Ri be the rejection region for a test of

H0i : θ ∈ Θi versus HAi : θ ∈ Θc
i .

Then the rejection region for the IUT of H0 versus HA is R =
⋂k
i=1Ri.

In other words, the IUT rejects only if all of the tests reject.
The rationale behind R is easy to understand since the null hypothesis

(H0) is false if and only if each of the individual null hypotheses (H0i) is false.
Note that the IUT is quite different from φt in the manner in which rejection
is determined. Will this difference have any effect upon the familywise error
rate of the IUT? Is there a multiplicity adjustment need for the IUT as
well? In order to address this issue, let us discuss two important theorems
that deal with the level and size of the IUT .



2 Two Theorems

The following theorems are from Berger (1997).

2.1 Theorem 1

Theorem 1 If Ri is a level-α test of H0i, for i = 1, . . . , k, then the IUT
with rejection region R = ∩ki=1Ri is a level-α test of H0 versus HA in 1.

Proof. Let θ ∈ Θ0 = ∪ki=1Θi. So, for some i = 1, . . . , k (say i = i′),
θ ∈ Θi′ . Thus,

Pθ(∩Ri) ≤ Pθ(Ri′) ≤ α

Since θ ∈ Θ0 was arbitrarily chosen, the IUT is level-α as

supθ∈Θ0
Pθ(∩Ri) ≤ α �

The result provides an overall type I error rate of α without the need
for a multiplicity adjustment. It is made possible through the special way
in which the individual tests are combined for the IUT . This illustrates the
usefulness of the IUT as we can rely upon the simpler tests of the individual
hypotheses and not worry about the formulation of the underlying joint mul-
tivariate distribution. This benefit is especially apparent when considering
the situation where observations are believed to be correlated.

It is important to note, however, that the IUT constructed via Theorem
1 can be quite conservative. In order to find when the IUT is size-α, let us
appeal to the following theorem.

2.2 Theorem 2

Theorem 2 For some i = 1, . . . , k, suppose Ri is a size-α rejection region
for testing H0i vs. HAi. For every j = 1, . . . , k, j 6= i, suppose Rj is a level-α
rejection region for testing H0j vs. HAj. Suppose there exists a sequence of
parameter points θl, l = 1, 2, . . . , in Θi such that

liml→∞ Pθl
(Ri) = α,

and, for every j = i, . . . , k, j 6= i,

liml→∞ Pθl
(Rj) = 1.



Then the IUT with rejection region R = ∩ki=1Ri is a size α test of H0 vs.
HA.

Proof.

liml→∞ Pθl

(⋂k
m=1Rm

)
≥

liml→∞
∑k

m=1 Pθl
(Rm)− (k − 1) =

α + (k − 1)− (k − 1) = α.

The inequality above is based upon the Bonferroni inequality. Applying The-
orem 1 we have

α ≥ supθ∈Θ0
Pθ

(⋂k
m=1Rm

)
So, we have

α ≥ supθ∈Θ0
Pθ

(⋂k
m=1Rm

)
≥ liml→∞ Pθl

(⋂k
m=1Rm

)
≥ α

Hence, supθ∈Θ0
Pθ

(⋂k
m=1Rm

)
= α. �

Also, refer to the appendix for an alternative proof of Theorem 2. The
key component of Theorem 2 is the use of the sequence of parameter points
θl ∈ Θ0. To gain a better understanding of these two theorems, let us consider
the following application of an example in acceptance sampling.

3 Example and Simulation

Example. A sample of upholstery fabric is considered to be acceptable when
it meets or exceeds certain criteria. Let θ1 be the mean breaking strength of
the fabric and θ2 be the probability of the fabric passing a flammability test.
Suppose the fabric is deemed to be acceptable when the following conditions
are met: θ1 > 50 and θ2 > 0.95. Placing this under the hyposthesis testing
framework, let us define

H0 : {(θ1, θ2): θ1 ≤ 50 or θ2 ≤ 0.95} and
HA : {(θ1, θ2): θ1 > 50 and θ2 > 0.95}



where the fabric is deemed to be acceptable when the null hypothesis is

rejected. Suppose we model the data where X1, . . . , Xn
iid∼ N(θ1, σ

2) and

Y1, . . . , Ym
iid∼ Bern(θ2). For the Xi, let us use the corresponding likelihood

ratio test (LRT) of H01 : θ1 ≤ 50 which has the form (x − 50)/(s/
√
n) > t.

Likewise, for the Yi, let us use the corresponding LRT of H02 : θ2 ≤ 0.95
which has the form

∑m
i=1 yi > b. Then, combining these two components,

the IUT rejection region is

R =
k⋂
i=1

Ri =

{
(x,y) :

x− 50

s/
√
n
> t and

m∑
i=1

yi > b

}
.

For the Monte Carlo simulation, let n = m = 58. Then, setting t = 1.672
and b = 57, the likelihood ratio tests above are approximate size-α tests.

In this example, since the individual tests are (approx.) size-α, apply-
ing Theorem 1 we have that the IUT is level-α. We can in fact go further
by applying Theorem 2 and state that the IUT is size-α. To see this, let
us construct a sequence of parameter points θl ∈ Θ0 that will satisfy the
conditions of Theorem 2. Figure 3 illustrates the graphical representation
of the null and alternative hypothesis spaces. Notice that, for our par-
ticular example, the boundary of the two regions is the union of the sets
{(θ1, θ2) : θ2 = 0.95, θ1 ≥ 50} and {(θ1, θ2) : θ1 = 50, θ2 ≥ 0.95}. If we
choose a sequence of parameter points from either set above (representing the
horizontal and vertical boundary lines respectively) it can be easily shown
that the IUT attains size-α. For verification, a Monte Carlo simulation was
performed to calculate estimates of the type I error rate, α. In Table 2, esti-
mates were calculated where θ2 is fixed at 0.95 and θ1 is increasing (selecting
points along the horizontal boundary). In Table 3, estimates were calculated
where θ1 is fixed at 50 and θ2 is increasing towards 1(selecting points along
the vertical boundary). For each simulation, a total of 10,000 runs were per-
formed. As expected, the results indicate that the IUT does attain a size of
0.05.

Finally, to determine Monte Carlo estimates of power, we chose 9 spe-
cific points from HA (see Figure 2). The values 60, 65, and 70 for θ1 were
chosen since they seemed to generate fairly large differences among the corre-
sponding LRT statistics. The values .975, .990, and .999 for θ2 were likewise
selected for the same reason. This was the basis for generating the 9 specific
points and the results of the power estimates are summarized in Table 4.



Table 2: Monte Carlo Estimates of α, Fixed θ2 and Increasing θ1.

θ1=50 θ1 = 60 θ1 = 75 θ1 = 100
θ2=.95 .002 .041 .049 .051

NOTE: Each estimate based on 10,000 MC runs.

Table 3: Monte Carlo Estimates of α, Fixed θ1 and Increasing θ2.

θ2=.95 θ2 = .99 θ2 = .999 θ2 = .9999
θ1=50 .002 .015 .049 .049

NOTE: Each estimate based on 10,000 MC runs.

Table 4: MC Estimates of Power.

θ2

.975 .99 .999
60 .185 .445 .757

θ1 65 .226 .544 .927
70 .230 .553 .944

NOTE: Each estimate based on 10,000 MC runs.



4 Summary

We have defined the IUT model and discussed two theorems that describe
how the IUT can attain level-α and size-α. Through these theorems we
found that an overall type I error rate could be attained without the need
for a multiplicity adjustment. This was made possible by the special way in
which the individual tests are combined.

The usefulness of the IUT is that there is no need to postulate a multi-
variate model since we only need to make use of the individual hypothesis
tests and these are usually much easier to construct. In addition to the field
of acceptance sampling, the IUT has been used for the comparison of re-
gression functions (see Berger (1984)) and testing for contingency tables (see
Cohen et al. (1983)). But, the field that has placed most attention to the
IUT is the growing area of bioequivalence (see Berger and Hsu (1996)).

APPENDIX

Alternate Proof of Theorem 2
Recall that

⋂k
m=1Rm is the rejection region of the IUT.

lim
l→∞

Pθl

(
k⋂

m=1

Rm

)
= lim

l→∞

(
1− Pθl

(
k⋃

m=1

Rc
m

))

≥ 1− lim
l→∞

(
k∑

m=1

Pθl
(Rc

m)

)
The last inequality above follows from the fact that P (

⋃
mAm) ≤

∑
m P (Am).

Note :
k∑

m=1

Pθl
(Rc

m) = Pθl
(Rc

i ) +
∑
m6=i

Pθl
(Rc

m)

Now, we have liml→∞ Pθl
(Rc

i ) −→ 1− α.

Also, for all m 6= i we have liml→∞ Pθl
(Rc

m) −→ 0. So,

1− lim
l→∞

(
k∑

m=1

Pθl
(Rc

m)

)
= 1−

(
(1− α) +

∑
m6=i

0

)
= α



So, we have

lim
l→∞

Pθl

(
k⋂

m=1

Rm

)
≥ α (2)

Applying Theorem 1 we also have

α ≥ sup
θ∈Θ0

Pθ

(
k⋂

m=1

Rm

)
(3)

Putting 2 and 3 together we finally have

α ≥ sup
θ∈Θ0

Pθ

(
k⋂

m=1

Rm

)
≥ lim

l→∞
Pθl

(
k⋂

m=1

Rm

)
≥ α

showing that the IUT is indeed a size α test! �
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Figure 1: Graphical illustration of H0 versus HA.



Figure 2: Selected points in HA for determination of power estimates


